SU(2) Yang-Mills Theory coupled to massive adjoint scalar matter is studied in (1+1) dimensions using Discretised Light-Cone Quantisation. This theory can be obtained from pure Yang-Mills in 2+1 dimensions via dimensional reduction. On the light-cone, the vacuum structure of this theory is encoded in the dynamical zero mode of a gluon and a constrained mode of the scalar field. The latter satisfies a linear constraint, suggesting no nontrivial vacua in the present paradigm for symmetry breaking on the light-cone. I develop a diagrammatic method to solve the constraint equation. In the adiabatic approximation I compute the quantum mechanical potential governing the dynamical gauge mode. Due to a condensation of the lowest momentum modes of the dynamical gluons, a centrifugal barrier is generated in the adiabatic potential. In the present theory however, the barrier height appears too small to make any impact in this model. Although the theory is superrenormalisable on naive powercounting grounds, the removal of ultraviolet divergences is nontrivial when the constrained mode is taken into account. The open aspects of this problem are discussed in detail.
Introduction
For some years now intensive work has gone into developing light-cone field theoretic methods [1, 2, 3, 4] for solving the problem of the hadron spectrum from Quantum Chromodynamics. The fundamental advantage of Dirac's 'front form' Hamiltonian framework [5] is the simple vacuum structure and the (related) positivity of the momentum operator.
With these one can foresee a picture of hadrons emerging from a diagonalisation of the light-cone Hamiltonian consistent within the intuitive picture of the constituent quark model (see also [6] ).
However, two problems have been the stumbling block to this program: renormalisation and the vacuum problem. My main concern in the present work is the latter problem.
Ironically, for all the advantages of a simple vacuum for understanding hadron structure, the sophisticated field theoretic picture of QCD as a gauge field theory demands some non-trivial vacuum structure associated with the non-Abelian group topology. In other words, the constituent quark picture works well, but it doesn't work everywhere in stronginteractions. A reasonable 'solution' to QCD must encompass both features.
A scenario in which vacuum structure and the advantages of the front-form could sensibly co-exist was recently put forward by Robertson [7] . In the infra-red regularisation achieved by Discretised Light-Cone Quantisation (DLCQ) of a given field theory, some zero mode field operators are not dynamical field quanta, thus preserving vacuum simplicity, but rather satisfy constraint equations [8] . In some simpler models in which symmetries are known to be spontaneously broken these constraints happen to possess multiple solutions. The light-cone symmetry breaking paradigm thus associates each of these solutions with a particular vacuum choice in the instant-form treatment of the same theory. Thus for example, the scalar φ 4 model in 1+1 dimensions, also studied by [9] , has a zero mode satisfying a cubic equation. One of the solutions corresponds to the trivial (unbroken phase) vacuum. The other two reflect the broken phase of the theory. Thus, for example, one could do perturbation theory about the classical solution in either phase [7] . Alternately, van de Sande et al. [10, 11, 12] thoroughly show how the Tamm-Dancoff method can be brought to bear on this problem with a determination of condensates and the critical coupling. Another approach using the 1/N expansion for analogous models has been developed by [13] with similar physics emerging.
Turning to QCD, the paradigm appears difficult to apply. The phenomena one seeks are: 1) θ-vacua or their analogue, 2) spontaneous (anomalous) breaking of chiral (scale) symmetry leading to the appearance of condensates in the nonperturbative vacuum |Ω such as αs π Ω|G a µν G aµν |Ω ∼ 10 −2 . The value ascribed here leads to a parametrisation of hadronic resonances via QCD Sum Rules [14] . All these effects are related to non-trivial gluonic configurations in the ground state. If the above paradigm is to be relevant, then constrained zero modes of the gluons should play a role. Such objects indeed occur in nonAbelian gauge theory in (3+1) dimensions in DLCQ as shown in the remarkable paper of Franke et al. [15] . Working with SU(2) pure glue theory, they introduced a modified light-cone gauge consistent with the space compactification,
with an additional colour rotation rendering the zero mode of A + diagonal in colour space.
It turns out that a constrained zero mode appears only in the corresponding diagonal component of the transverse gluons. There is only one constraint equation for the zero mode of the field A 3 ⊥ . This equation turns out to be linear and thus there is a unique solution [15] . How 'multiple vacua' now emerge in light of this is not clear.
The additional feature in gauge theory is the presence of an additional, dynamical, zero mode. In the case of Franke et al., it manifests itself as the surviving piece of the A + gauge potential. Dynamical zero modes in general mean the naive argument for vacuum triviality in the front form does not apply. The key questions are: just how nontrivial is the vacuum, can one bring it under control, and do the zero modes produce the desired vacuum structure?
The context in which I will try to answer these questions is that of SU(2) YangMills theory coupled to scalar adjoint matter in (1+1) dimensions. As shown elsewhere, this theory can be regarded as the dimensional reduction of pure gauge theory in (2+1) dimensions [16] . The zero mode structure of this theory was described in an earlier work [17] wherein it was shown that, in the same gauge as Franke et al., there is one dynamical and one constrained zero mode. The spectrum of the theory has been further studied in [18] . The approach taken in [17] to the dynamical mode was similar to that of, for example, Manton [19] in the Schwinger model or of Lenz et al. [20] for the case of QCD(1+1) with adjoint fermions. The latter is based on a rather new method of gauge-fixing in the Weyl gauge [21] . What was lacking in [17] was a solution to the constraint equation, which the present work sets out to complete. In this respect, this work is very much a part in the series of works [22, 23] .
The approach for the dynamical, or 'gauge', mode in the above works is in the spirit of the adiabatic approximation. The gauge mode part of the Hamiltonian is not in fact separable from the Fock part. Nonetheless, the gauge mode is 'frozen' and the vacuum of the particle sector determined. The dynamics of the gauge mode is then solved for in the vacuum of the particle sector. In this theory, there is no Z-vacuum degeneracy.
Rather, one expects a two-fold Z 2 degeneracy as evident from the global symmetries of the 'adiabatic potential' which controls the dynamics of the gauge zero mode. It is not clear from the literature whether one should expect any condensate phenomena in this specific model.
In the previous work [17] , this potential was computed in the absence of the constrained zero mode. It was found to contain logarithmic divergences for which the counterterms, at the time, were not evident. However, the result for the cutoff independent part was of a flat approximately square well structure. This is rather unlike the result with adjoint fermions [20] where a centrifugal barrier appears in the adiabatic potential. It was already noted for scalar matter [17] , that the absence of fermions and transverse momenta meant insufficient degrees of freedom for some composite operator to acquire a condensate. However, it is at least desirable to see whether there is sufficient structure in the gluonic ground state to provide the 'seeding' for such non-triviality when further modes are included.
In the present work I therefore address the two main problems which, in [17] , remained untreated: solving the constraint equation and the renormalisation problems in the potential. For the former, I develop a diagrammatic representation which will guide a solution of the constraint. The most significant aspect of the solution is an iteration to all orders of two-point insertions in the constraint solution. For the second problem, I am able to report partial success but difficulties remain. In particular, in the absence of the constrained zero mode the divergences in the potential can be naturally handled with mass renormalisation. Finally, I study the inclusion of the constraint in the potential. There remain logarithmic divergences which in the present work are subtracted by hand. In the renormalised potential one observes that a condensation of the lowest momentum mode of the scalar field, achieved by the sum to all orders of the insertion in the constraint solution, leads indeed to the appearance of a distinct, albeit small, potential barrier. The barrier is highest in the case of the renormalised mass of the 'gluons' being zero. If an exact Z 2 degeneracy is to arise in the continuum limit, this barrier would have to become impenetrable. This does not appear to happen here. In the final section, I discuss in some detail the open problem of the remaining logarithmic divergences. There is a brief summary at the end. Notation and other details are relegated to the Appendices.
Review of Scalar Adjoint Matter and SU(2) Yang-Mills
The model-theory I work with is (1+1) dimensional non-Abelian gauge theory covariantly coupled to massive scalar adjoint matter
The field strength tensor and covariant derivative D α are respectively defined by
As in [17] , I represent field matrices in a colour helicity basis:
Treatments of this theory in DLCQ have been given in Refs. [16, 17] . The equations of motion are
Note that the 'matter current' J α is not conserved, ∂ α J α = 0, whereas the total 'gluon As in [17] , I shall work in Schrödinger representation for this quantum mechanical degree of freedom. In the following it will be useful to invoke the dimensionless combination
There are additional global symmetries which can be seen in terms of this mode. First, Gribov copies [31, 32] correspond to shifts z → z + 2n, n ∈ Z, see Appendix B. Shifts z → z + (2n + 1), n ∈ Z are 'copies' generated by the group of centre conjugations of SU(2), namely Z 2 symmetry [25] . The finite interval 0 < z < 1 is called the fundamental modular domain, see for example [26] . Two further symmetries are important: Weyl reflection, z → −z and the composition of a reflection and centre transformation leading to a symmetry of the theory under z → (1−z). After selection of the fundamental domain, this last is the only remnant symmetry leading to symmetry under reflection about z = expand in momentum modes
where w l = 1/ √ l. Note that I will reserve l, l ′ , l 1 , . . . for the nonzero integer valued momenta of the real scalar field. The momentum field conjugate to ϕ 3 is π 3 = ∂ − ϕ 3 . The quantum commutation relation at equal x + for the normal modes is given in Appendix C.
However, it leads to the Fock commutator [a l , a †
. Sometimes it will be convenient to write the Kronecker δ l,l ′ as δ l ′ l . As the zero mode of π 3 vanishes, the zero mode of ϕ is not a degree of freedom, but will turn out to satisfy a constraint which is the main point of this paper.
The off-diagonal components of Φ are complex fields with ϕ + (x − ) = ϕ † − (x − ). The momentum conjugate to ϕ − is π − = (∂ − + igv)ϕ + . The other conjugate pair is obtained simply by hermitian conjugation. A way of quantizing this field which is not complicated by the large gauge transformations was discussed in [17] . The expansion is over half-integer momenta but in a manner consistent with periodic boundary conditions, namely
where
The objects m 0 and ζ are functions of
They satisfy the relations
The domain interval is now − The only modes not discussed thus far are the A − fields. As is known for the Coulomb gauge, they are redundant variables obtained from implementing Gauss' law strongly.
Explicitly, Gauss' law reads 12) and the hermitian conjugate of the latter with (J
The currents are, explicitly,
The index s indicates noncommuting operators in this product which must be symmetrised in order to preserve hermiticity. The Eqs.(2.12) are trivially soluble for the fields A − subject to the following exception. The first of Eq.(2.12) can be solved only if the zero mode J + 3 • ≡ Q 0 on the r.h.s vanishes. This cannot be satisfied as an operator, but must be used to select out physical states, i.e. Q 0 |phys ≡ 0. In second-quantised form this
(2.14)
States satisfying this have the same total number of "b" and "d" particles. The resemblance to the electric-charge neutrality condition is because the residual global gauge symmetry group factored out of the Hilbert space is Abelian. Evidently, the b-modes carry "charge" 1, the d-modes charge -1 and the a-modes charge 0.
A Diagrammar for the Zero Mode Problem
The origin of the constraint equation for a 0 has already been discussed in [17] : the zero mode of the diagonal part of Eq.(2.5), 8πTr
. After some algebra this gives
In the absence of a mass term, the constraint in its 'full glory' was shown in [27] . To proceed here I first introduce the dimensionless ratio of boson mass and coupling
Next I introduce the following notation:
The constraint equation turns out to be
One observes that, the dynamically independent composite operators on the left-hand side of the equation are two-body operators -propagators -while on the right-hand side they are three-body operators, namely interaction vertices. This suggests diagrammatic rules for the various quantities in this expression which are represented in Fig.(1) . Additional rules are as follows:
1. Matrix elements are composed by attaching legs to the right and left of the blob representing the operator.
2. Closed loops represent a sum over all positive integer or half-integer momenta.
3. Detached diagrams represent multiplication of the corresponding expressions.
4. Hermitian conjugation is achieved by reflection of the diagram while keeping the sense of arrows the same.
5. Charge conjugation is achieved by reversing the direction of the arrows.
Evidently, these are quite similar to Feynman rules but describe the building of more than just S-matrix elements. Here I will use them to relate matrix elements of the constrained zero mode as determined by the constraint equation.
To illustrate the use of the rules, the object
describes a matrix element of a 0 multiplied by a propagator factor. Diagrammatically, this is represented by Fig.(2) .
Next, one can represent matrix elements of the constraint equation in a particular sector. For example, taking 0|a l on the left and b † m d † n |0 on the right and using commutators where possible, one obtains an equation which can be represented diagrammatically as shown in Fig.(3) . The mass term is evidently the fifth term. Similar diagrammatic equations can be generated by sandwiching the constraint between higher particle states, and the intuitive principal for their construction is straightforward: 
Firstly, the equation involves matrix elements of the constrained mode in the 5-body sector (two particles 'in', three 'out'). To get at these one takes matrix elements of the constraint equation in this higher sector. This I will show below. Naturally, this in turn involves matrix elements from the 7-body sector (three 'in', four 'out'). This sequence carries on ad infinitum. Thus all the particle sectors appear related to each other via the constrained mode which is playing the role of an effective interaction. The question is how complicated is this coupling of sectors?
One can rule out any coupling of the vacuum sector into the hierarchy. The VEV 0|a 0 |0 = 0 because under charge conjugation 1 a 0 → −a 0 while the vacuum is even.
In addition, the following commutation relations for a 0 must be satisfied:
These can be used to further reduce the number of non-zero matrix elements.
Momentum conservation through the vertices will mean that for many sectors the right-hand side of the hierarchy of coupled equations will vanish. It is difficult to prove generally, but the system of linear coupled equations can be shown to be nonsingular for simple examples. Thus matrix elements of a 0 which cannot be described in terms of the basic vertices can be argued to vanish. An example is the matrix element in Fig.(4) . Renormalisation of the Constraint. The graphs in Fig.(3) with detached bubbles are logarithmically divergent. I introduce a cutoff regulator Λ in the momentum sums so that these terms become
This divergence can be absorbed into the mass term by a subtraction of the sum for ζ = 0, namely with physical mass ρ given by
One can verify that this is the same renormalisation used to remove all cutoff dependence in the two-particle bound state equation in, for example, [18] . A similar relationship between the two renormalisations has already been observed in the two-dimensional φ 4 theory by [10] . As a consequence, the left hand side of the original constraint now takes the following form
being a convergent function in Λ. In this way, matrix elements of the zero mode a 0 are rendered cutoff independent. 
Observe that for all but the lowest mode m = 1/2, the propagator satisfies |∆ m (ζ)| < 1.
Thus for the higher modes, Eq.(3.24) can be further simplified. However, for momentum m = 1/2 the propagator will in general be 'large', and thus in turn the effect of Σ 1/2 (ζ) will be even larger.
Solution. The above considerations motivate the following operator ansatz for the
This expression by construction satisfies the symmetries obeyed by the constrained zero mode. It is essentially a three-body operator, where the dressing of the vertices will be absorbed into the, as yet, arbitrary coefficients C lmn a (ζ). I insert Eq.(3.25) into Eq.(3.18) with the identification of Fig.(6) implemented. It suffices to consider the constraint in the three-particle space in order to solve for the coefficients, once one builds in the iteration to all orders in the insertion via Eq. 
The d-mode matrix element gives no additional information because of charge conjugation symmetry. The two equations are decoupled and one can straightforwardly determine the C 0 and C 1 coefficients in terms of the fundamental vertices and propagator
With the coefficient functions determined one can now directly give the lowest particle matrix elements as 
Revisiting the 'Adiabatic Potential'
The Hamiltonian is the Poincaré generator P − , given in Appendix D with other details from [17] . After removing a dimensionful factor L(g/4π) 2 one obtains the rescaled Hamiltonian, H. One seeks the ground state of the theory. If not for the gauge mode ζ, the naive arguments leading to the trivial Fock vacuum being the true ground state would hold rigorously. Now in fact the ground state is some infinite superposition of ζ zero modes. One could try representing this in an oscillator basis but the true ground state is mostly likely some coherent state of these oscillator modes. As mentioned, I use instead a Schrödinger representation within the adiabatic approach of [17, 20] . The gauge mode ζ is frozen for the purposes of computing the ground state in the 'particle sector'. It is here the advantages of the light-cone become significant: the ground state is now the Fock vacuum.
However, the tadpole terms that arise as one normal orders the Hamiltonian with respect to the trivial vacuum generate ζ-dependent structures which become quantum operators once the gauge mode is unfrozen,
. As shown in [17] and Appendix D, there is also a kinetic term for ζ surviving in : H :. Thus, projecting in the Fock vacuum sector, we obtain a Hamiltonian
For later purposes it is convenient to break V into three terms, coming respectively from the mass term, the constrained mode a 0 dependent term and the a 0 independent term Renormalisation of V ρ + V 0 . The term V 0 was computed in [17] . Here I quote the relevant result:
where Λ is the (half-integer valued) cutoff in ultra-violet momenta. Using u n (ζ) = 1/ √ n + ζ, v n (ζ) = 1/ √ n − ζ, and w n = 1/ √ n one can check this has the symmetry ζ → −ζ. Substituting these coefficients, the expression is
(4.34)
Closer inspection reveals the sums to be logarithmic in the cutoff with a coefficient that depends on ζ. It is this dependence I seek to extract. A useful trick is to add and subtract each of the three terms in Eq.(4.34) evaluated at ζ = 0. It is then a straightforward though tedious task to show that the expression can be reorganised as
One recognises in G the convergent functionalρ(ζ) − ρ, Eq.(3.23). One sees it comes in as the operator dependence of the logarithmic divergence.
The contributions of the mass term are more straightforward. After normal ordering, one extracts the structure
where ρ 0 was the bare (dimensionless) mass. In order to render the constraint equation
and particle sector convergent and cutoff independent, the renormalised mass ρ = ρ 0 + 2 Λ m=1/2 1 m was introduced, Eq.(3.21). Substituting this into Eq.(4.37) gives As shown in [17] , the shape of this part of the potential is flat within the fundamental domain, rising to positive infinity at the domain boundaries ζ = ± 1 2 . A careful study of the nature of the singular behaviour as ζ → ± 1 2 suggests it is not as strong as 1/(ζ ± 1 2 ) 2 , thus the potential at the domain boundaries appears to be penetrable. However, as argued in [25, 20, 21] , the wavefunctions should be supplemented with a Jacobian determinant coming from the Faddeev-Popov structure in the present gauge. The wavefunctions are thus forced to vanish rigorously at the boundaries of the fundamental modular region.
Thus the spectrum is approximately that of a square well which itself corresponds to that of pure glue SU(2) theory on a cylinder [28] , with a sinusoidal ground state wavefunction.
Either way, in the absence of the constrained mode there is no structure within the centre of the fundamental modular region.
Impact of the Constrained Mode
I now include the effects of a 0 . As shown in [17] , there are terms in the Hamiltonian linear and quadratic in a 0 , which were separated into H Constr = H (1)
Constr . They were respectively
where the Q ± arise from the a 0 independent parts of the currents and are given in Appendix D. The other operators are just
arise because of symmetrisation of noncommuting operator products. I correspondingly consider the VEVs of the two terms separately. The linear term leads to
(1)
which is actually part of the vertex function Γ 1 (ζ). The quadratic term gives
(5.42)
One sees that the relevant contributions to the VEV come purely from the lowest particle sector matrix elements of a 0 . For V 2 this follows after inserting a complete set of states between the two a 0 operators.
It is next a tedious task of inserting the solutions as given above. The most compact expression for the result is
(5.43)
Evidently, for the high momentum terms in this expression the fluctuations with respect to ζ are small due to the restriction to the fundamental modular domain and so these contributions are essentially just constant with respect to ζ. The dominant contributions to the ζ dependence are thus the lowest modes with m = 1 2 . Thus any structure that can appear is essentially coming from this one degree of freedom. In fact, I evaluated the double sum numerically using Mathematica. The behaviour of the potential was studied for different values of the physical dimensionless mass ρ. In addition, there is the parameter N which defines the order to which the iterations in Eq.(3.24) is summed. Curiously, the convergence as N → ∞ is very slow, but stability is achieved by the value N = 10 6 . As in the part of V independent of a 0 , the result here has a logarithmic dependence on the cutoff regulator. At this point I suppress the divergence by hand, but will return to the nature of this divergence in the following section.
Shape of the Constrained Part of the Potential. The final result for the renormalised potential, V a , is represented in Fig.(7) for three values of the renormalised mass ρ. In the deep perturbative region ρ → ∞ the potential is flat. However, as the mass ρ is brought down, or coupling increased, the potential develops two degenerate minima. The barrier height appears to be at its maximum precisely at ρ = 0. I now estimate its impact. A least square fit gives parabolae for the shape of the individual wells. For example, for the region 0 < ζ < 0.2 the curve can be well described by 
Open Renormalisation problem
I now return to the remaining logarithmic divergences which in the previous calculation were suppressed by hand. The origin of these divergences is simple to see: in the vertex Γ 1 (ζ) appears the factor (
). This is contracted with the Kronecker delta function δ n m+l in the sums appearing in the potential. Evidently, for fixed momentum m but l large this factor scales as a constant
Consequently, the large l behaviour in the sums is not suppressed by a contribution from this term. This means that with the constrained mode eliminated, the two-particle bound state equation is once again ill-defined and must be renormalised over again by redefinition of the mass. There are many new terms contributing and the process of collecting them up is still underway. One is faced now with a subtlety: the constraint equation was rendered finite and cutoff dependent with the same renormalisation used in the twoparticle sector. Now that the latter would appear to have to change, it is not evident how the renormalisation of the constraint equation could be analogously modified. The main hurdle is conceptual rather than merely computational. It may be that the step of separating the two outstanding problems in light-cone quantisation -renormalisation and the zero modes -is too naive.
Summary and Conclusions
I restate the basic motivation for studying this theory: it was to understand the relationship between dynamical and constrained zero modes in a non-Abelian gauge theory with some non-trivial parton spectrum, and whether these modes contributed to the ex-pected vacuum structure of that theory. The model was that of two-dimensional SU (2) gauge theory coupled to massive scalar adjoint fields. In [17] was shown how a careful gauge-fixing leads to a linear constraint equation (as also occurs in (3+1) for QCD [15] )
for the zero mode of the real scalar field in this theory. This constraint, though at first glance complicated, had a systematic structure which could be interpreted in terms of propagators and vertices. A diagrammatic translation of the equation together with a consideration of the symmetries of the constrained mode lead to a method of solving the constraint. I then studied the role of the constrained zero mode in the effective potential governing the dynamical or 'gauge' zero mode. It turned out to generate a centrifugal barrier, the potential assuming a double-oscillator shape. Such a structure is to be expected from similar pictures in [29] . Evidently, including the constrained zero mode makes a qualitative difference in the potential of the dynamical zero mode in the direction of the expected result. However, the actual quantitative impact in this theory appears to be minimal. The outstanding problem is the completion of the renormalisation, which here was achieved simply by suppressing the logarithmic cutoff dependence by hand. A preliminary study of the further impact of the constrained mode in the Hamiltonian suggested that these divergences may go hand in hand with additional singular behaviour in the new self-induced inertias coming from the constraint. A detailed treatment of this problem is still in progress.
The conclusions are three-fold. Firstly, the zero mode has a structure which can be categorised diagrammatically. This is immensely useful for solving the relevant constraint equations. Secondly, when one takes care to preserve all the modes of the present theory of massive adjoint scalars coupled to SU(2) glue, there is some additional structure in the theory originally treated by [16] . Within the framework of dimensional reduction of non-Abelian gauge theory, these structures are, at best, suggestive of vacuum and lowenergy phenomena of QCD(3+1). Thirdly, the problem of renormalisation in the light-cone approach may not be separable from that of the zero modes.
A Notation and Conventions
Light-Cone Coordinates. I follow the convention of Kogut and Soper [30] , with
Colour Helicity Basis. The colour helicity basis for SU(2) is defined in terms of the Pauli matrices σ a :
We can turn this into a vector space by introducing elements x a such that tilde quantities are defined with respect to the helicity basis, and untilded the usual Cartesian basis:
The relation between the tilde and untilde basis can be writtenx a = Λ a b x b and x a =Λ a bx b whereΛ = Λ † . With these elements we can construct the metric in terms of the tilde basis. Essentially we must demand the invariance of the inner product of any two vector space elements, x a y a =x aỹ a . Using the fact that the metric in the a = 1, 2 basis is just the Kronecker delta δ ab and the transformed metric isG ab =Λ c a δ cdΛ
The metric to raise and lower indices in the helicity basis becomes x ± = x ∓ . The colour algebra looks formally like the Lorentzian structure in light-cone coordinates.
B Gribov copies and the Wilson Loop
Gribov Copies: Because of the torus geometry of the space and the non-Abelian structure of the gauge group, there remain large gauge transformations which are still symmetries of the theory [31, 32] despite the complete fixing of the theory with respect to small gauge transformations. These are generated by local SU(2) elements
which satisfy periodic boundary conditions. Another symmetry of the theory is Z 2 centre symmetry which here means allowing for antiperiodic V or alternately n 0 odd. Both preserve the periodic boundary conditions on the gauge potentials. On the diagonal component of A + U generates shifts that are best expressed in terms of the dimensionless z, namely z → z ′ = z + n 0 . On the scalar adjoint field and its momenta the effect of the transformation is 
. The integer shifts are the Gribov copies. Since W is explicitly constructed in terms of a colour trace, z is a colour singlet.
C Commutation Relations for Scalar Fields
The commutators can be obtained, despite the presence of the constrained zero mode, from the Dirac procedure [34] . The result is well known, see for example [8] , for scalar fields and can be directly taken over into the present theory. The quantum commutation relation at equal x + for the normal modes is of the real scalar field is n ϕ 3 (x), π 3 (y)
where the n above the field means the constrained zero mode a 0 has been removed and the last term ensures consistency for the commutator restricted to normal mode fields [35] .
For the complex fields they are simply ϕ − (x), π − (y)
x + =y + = ϕ + (x), π + (y)
These relations demonstrate that there is no subtlety in the zero modes of the complex fields.
D Fourier transforms, Currents and the Hamiltonian
The Discrete Fourier transforms of the scalar current components are defined by The Hamiltonian is obtained from the energy-momentum tensor Θ µν = 2Tr(F µκ F ν κ )− g µν L. At one level it is a simple expression, standard for (1+1)-dimensional gauge theories.
to which must be added the mass term µ 2 0 dx − TrΦ 2 . The above form merely expresses the dominance of the Coulomb potential in (1+1) dimensions. However unpacking the currents J + leads to nontrivial structure. The length dimension can be factored out by defining H via P − = L g/4π Relating J operators to the Q operators one can separate the constrained mode a 0 parts of H from the Fock sector. The reader is referred to [17] for more detail. When combined into the invariant mass-squared operator M 2 = 2P + P − , with P + the momentum operator, L completely drops out in favour of K = (L/π)P + , the harmonic resolution.
The continuum limit L → ∞ translates into K → ∞ which is easily implementable in computer simulations.
